In accurate radiotherapy, energy spectra of high energy x-ray greatly affect the accuracy of dose calculation. Conventional discrete method failed to realize the stable solution, and the Schiff formula could not reflect the practical geometric shape of different linac system that showed the limitation to apply to other linacs. To obtain the photon energy spectra of linac in radiotherapy effectively, by use of monoenergetic percentage depth dose (PDD) simulated by Monte Carlo and measured PDD, an improved analytical model based on improvement of the Schiff formula was investigated, and several regression algorithms including Levenberg-Marquardt, Quasi-Newton, Gradient, Conjugate-Gradient, Newton, Principal-Axis and Nminimize algorithms were used to realize this model. The results were also compared with the conventional discrete method.
I. Introduction
The photon energy spectra are the important parameters in both radiotherapy and accelerator physics. Regardless of the Monte Carlo simulation or analytic method used for dose calculations, photon energy spectra play a critical role in improving dose accuracy. Presently, there are mainly three ways to obtain the photon energy spectra: modeling source by the Monte Carlo simulation, 1) measurement by Compton Scatter Spectrometer etc, 2, 3) and reconstruction by a mathematical model using the percentage depth dose (PDD) or other clinical measured data. The last way seems an effective way, because it only needs to construct the suitable mathematical model. Deng et al. reported that a random creep algorithm based on Monte Carlo simulations can reconstruct the photon energy spectra for Varian medical linac. 4) Benjamin Armbruster et al. developed a linear method to reconstruct *Corresponding author, E-mail: gli@ipp.ac.cn the photon energy spectra; 5) though their results have low accuracy, their method can obtain the continuous photon energy spectra. The low accuracy may be a result of the PDD curves lowly responding to the photon energy spectra, and the linearization may lead to larger errors.
In conventional methods, the linearization method for photon energy spectra was a kind of discrete method, in which the photon energy spectra was not treated as a mathematical analytical formula. Yet, the discrete method may lead to larger errors because in principle it is not accurate enough for the nonlinear equations. Hence, these previous studies like above are confined by the limitations of the nonlinear mathematical equation that are associated with the ill-conditioned state of this reconstruction problem, a Fredholm equation of the first kind relating the PDD data to the photon energy spectra. Furthermore, a single algorithm relative to this mathematical model may fail to solve some samples reported, so more algorithms should be applied to find the optimum solution.
Wassim T Jalbout et al. recently reported a analytical me-thod by scatter analysis to unfold photon energy spectra with the Schiff formula. 6) However, their method was based on a simplified linac model that ignored the geometric shape that showed all types of the photon energy spectra were the same regardless of the different geometric of target, flattening filter etc in different linacs. Furthermore, their method also required further to improve on the accuracy of the background and scatter measurements and the stability of the results.
The FDS Team has been working to develop series of Advanced/Accurate Radiotherapy Systems (ARTS) and the Monte Carlo Automatic Modeling Program for Particle Transport Simulation (MCAM), [7] [8] [9] [10] etc. In the present study, based on these systems, one of the technologies, the photon energy spectrum reconstruction is realized by constructing the nonlinear mathematical model with an improved analytical method, and it is compared with the conventional discrete method. Several algorithms are used to realize the solution of this model. This work will support a series of our studies on dose calculation and human modeling, [11] [12] [13] [14] [15] positioning, 16, 17) etc.
II. Methodology 1. Conventional Discrete Method
If it is supposed that a photon beam with energy spectrum Φ(E) normally enters into water, its PDD in center axis can be expressed as the convolution between monoenergetic depth dose D(E,z) and Φ(E). Namely,
In the above equation, it is assumed that the dose distribution of electron contamination could be ignored. This assumption means the photon beam can be controlled better from the head of the medical linac.
In conventional discrete methods, the energy deposition of the photon beam with the energy spectrum is regarded as the linear superimposition of many monoenergetic photon beams. Supposing the photon energy spectrum equation read as a discrete formula Φ(E i )=a i and considering to increase the precise of the discrete method, Eq. (1) can be written as the trapezoidal sum:
Comparing with Eqs. (1) and (2), the coefficient a i is the discrete photon energy spectra Φ(E i )=a i with normalization.
It is therefore the Eq. 
where m is the number of measured PDD data used to calculate, according to the definition of mean error. Based on the above discussion, the issue of photon energy spectrum reconstruction can be attributed to solving a nonlinear programming problem; the object is the minimum mean error, subjected to the nonnegative energy spectra. When introduced the absolute sign in Eq. (3), this model becomes an unconfined optimization problem:
The above method was the conventional discrete method, in which the photon energy spectrum equation reads as a discrete formula Φ(E i )=a i. In this discrete model, the photon energy spectrum can be obtained by using the nonlinear regression algorithms, when measured PDD D(z) and monoenergetic depth dose D(E,z) are known.
However, the conventional discrete model has its inaccuracy because the Eq. (1) is an ill-state equation, a Fredholm equation. So in general, when Eq. (1) was replaced by the inaccurate discrete photon energy spectra as Φ(E i )=a i. , a very small error of measured D(z) will lead to a large error of Φ(E ).What is a better way to improve it may be use of a more accurate model, that is, an analytical formula of photon energy spectra. So in the next section we will develop an analytical method by modifying the Schiff formula to improve the accuracy of the photon energy spectrum reconstruction.
Improved Analytical Method
Schiff developed an analytical formula of photon energy spectra to a simplified linac model,
where T is the total energy of electron incident on the target, t is the hypothetical thickness of target material equivalent in attenuation to the entire filtering system (target, flattening filter etc) and μ(E) is the total linear attenuation coefficient for the target's material, and Z is the effective atomic number for all attenuating materials.
However, we found that Eq. (5) ignored the various geometric shape of the entire filtering system, so it cannot apply to different commercial linac system. In the following discussion, we want to make an improvement of this formula.
It is supposed that various geometric shape of the entire filtering system of different linac will lead to change the peak and width of the photon energy spectra. In order to reflect this change, we introduce a log-normal function,
Here, E p is the peak value, a is the half width of the peak, and c is the normalization coefficient. Such function was used by Jun Deng to initialize his model to unfold the photon contamination of electron beam. 4) We then introduce Eq. (6) 
When Eq. (7) replaces Eq. (2), the conventional discrete method becomes the improved analytical method, and the photon energy spectra was depicted by an improvement of Schiff formula in various linac systems, which is defined by only six parameters as T,Z, t, a,c and E p .
III. Results

Calculation
According to the above mathematical model, the monoenergetic depth dose D(E,z) should be obtained firstly. The D(E, z) was obtained by using the EGSnrc, 19) with particle number 5×10 8 , point source, 10 cm×10 cm field, SSD=100 cm, and other default parameters for monoenergetic photon beams from 1 MeV to 30 MeV (energy interval 0.5 MeV); and the statistical error less than 0.5%. The linear interpolation technique was used to obtain the continuous curves. These data only needed to be simulated once and was used as a based database.
The nonlinear programming model was solved by use of the 'NonlinearRegression' package in Mathematica6.0. Seven algorithms, Levenberg-Marquardt (LE), Quasi-Newton (QU), Gradient (GR), Conjugate Gradient (CO), Newton (NE), Principal-Axis (PR) and Nminimize (NM) were available in this package. 20) By use of above method, the energy spectrum reconstruction software was developed. And it was proved to be running correctly and effectively by a lot of testings. The following section showed a representative testing by Mohan6 photon energy spectra (Mohan-6MV) --a Monte Carlo simulated sample, from a 6 MV's Varian medical linac, photon energy spectrum named as Mohan6 in the EGSnrc package. It was used to input into the Monte Carlo simulation software as EGSnrc; 21) its simulated results include PDD (as an assumed measured PDD), with statistical error less than 0.5%. And two applications in practical medical linac are also shown in the following section. One was the 18 MV's AECL Therac-20 medical linac (AAPM-18MV), of which the measured data were taken from a 18 MV's medical linac of AAPM Report No. 55: document "10OF.18x"--18 MV 10×10 cm 2 open field. 22) The other is a 6 MV's BJ6-B medical linac (BJ6-B-6MV In the following testing and application, the computer operation system used was a system Win XP, Intel Core2 Duo CPU (2.40 GHz+2.39 GHz), 2.4 GRAM. Table 1 shows the mean errors σ in the discrete and the improved analytical method respectively in each sample, where the σ is the same meaning as Eq. (3). Figures 1-3 are the reconstructed energy spectra; Fig. 1 shows the testing sample of Mohan-6MV and compares with its original energy spectrum; Fig. 2 and Fig. 3 are the application samples of AAPM-18MV and BJ6-B-6MV, respectively.
Testing and Application
IV. Discussion
In the testing of improved analytical method to Mohan-6MV, the mean error of reconstructed energy spectra can reach 0.2%, and the mean error of reconstructed PDD at above seven regression algorithms except PR and NE algorithms (0.013%) can reach the range between 0.003% and 0.005% in the improved analytical method (as shown in Table 1). On the other hand, though the mean error of the discrete method reduces to 0.002%, its algorithms show worse and unstable solution of photon energy spectra. From Fig. 1-3 , we also find that the half width and the peak of energy spectra are various due to different types of geometric shape etc of linac and the solutions are also stable. Therefore we can conclude that our method could obtain more accurate photon energy spectra, and that the method made an improvement to the Schiff formula. Note: the "-" means a failure of the calculation. The discrete interval of energy spectra was 0.1 MeV for discrete h d
Why the accuracy of the conventional discrete method is worse than the improved analytical one? The reason may be that Eq. (1) is an ill-conditioned state equation, a Fredholm equation, and it means that if the function of the photon energy spectra is approximated with lots of parameters, the solution usually becomes unstable and may be incorrect. And if the function of photon energy spectra is more certain with the improved analytical method using only several parameters, the solution could become more stable, just as shown in the above results.
There are also some issues we should carefully consider. For one thing, the field size also affects the photon energy spectrum reconstruction, because the photon beam impacts the boundary of the field size frequently. So we suggest it should be recalculated for different field size by using the corresponding monoenergetic PDD and the measured PDD. For another, the electron contamination was neglected in our model, and Zhu and Yang et al reported this effect was serious in some medical linacs. 23, 24) In this situation, we have developed a double-source model based on the above improved analytical model, and it will be further discussed in our following paper. In addition, in the practical application, the energy fluence of the medical linac is also an important parameter that will also affect the dose calculation. So in the following study, we will also consider the energy fluence by use of additional measured data such as off-axis dose.
V. Conclusions
An improved analytical model by modifying the Schiff formula was proposed to reconstruct the photon energy Fig. 1 Mohan-6MV energy spectra: (a) improved analytical method and (b) discrete method. The weights of energy spectra are normalized, and both results by (a) and (b) are compared with the original energy spectrum (Mohan6). Fig.1 (a) shows the close accuracy that the mean error could arrive at 0.2% (LE and NM algorithms), Mean Error=Sqrt(∑m(Reconstructed -Original) 2 )/m, while Fig. 1(b) shows the great error and unstable solution in different algorithms. Quasi-Newton, Gradient, Conjugate-Gradient, Newton, Principal-Axis and Nminimize algorithms were used to solve our model. They show that the reconstructed photon energy spectra agreed well with the original that the mean error of reconstructed PDD was 0.003%-0.013% and that the mean error of reconstructed photon energy spectra could reach 0.2% (Levenberg-Marquardt and Nminimize algorithms).
By comparison with the conventional method in unfolding the photon energy spectra in three types of representative linacs, we found that even though the mean error in reconstructed PDD of the discrete method could reduce to 0.002% and show better results than the improved analytical one, the discrete method with all above seven algorithms showed worse and unstable solution of photon energy spectra. Furthermore, in clinical application samples, the discrete method also shows the more unstable solution than the improved analytical one, even though the former mean error was better than the latter. So, we concluded that the conventional discrete method in reconstruction of photon energy spectra could be unreliable even though its reconstruction PDD agreed well with the original one.
This improved analytical method also shows that it overcomes the limitation of the Schiff formula that ignored the various geometric shape of the entire filtering system, and the method can be expected to be applied in various practical linac systems.
We will further consider the electron contamination, the field size effect and energy fluence etc in the next study on reconstruction to high energy x-ray of medical linac by developing a double-source model.
